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Let X be an abelian variety of dimension g defined over an algebraically closed
field k of characteristic p = 2. Let ι :X → X be the involution x → −x and
let L be an ample invertible sheaf on X such that L is symmetric, i.e., ι∗L ∼= L.
The map ι induces an involution [−1]L on the vector space of sections Γ (X,L).
Assume that L is of separable type, i.e., p  dimk Γ (X,L). The involution [−1]L
has been considered in several papers with, in each case, a specific assumption
on L. In [1, p. 289], L is totally symmetric, i.e., L∼= L⊗21 where L1 is symmetric.
In [2, p. 77], L is assumed to be excellent (see [2, Theorem 6, p. 73], for the
definition of excellent invertible sheaves). In [3, p. 51], L is strongly symmetric;
i.e., L is endowed with a symmetric theta structure (cf. [3, p. 31]). The aim of the
present paper is to give a version of the inverse formula, i.e., a formula describing
the action of [−1]L, generalizing the previous ones under the single assumption
that L is symmetric and of separable type, and next to compute the dimension of
the eigenspaces of [−1]L.
Let Xk be the set of closed points of X and X2 be the subgroup of 2-torsion
points. The set G(L) = {(x,ϕ): x ∈ Xk , ϕ :L ∼−→ T ∗x L} where Tx denotes the
translation by x , is a group for the law
(y,ψ) ◦ (x,ϕ)= (x + y,T ∗x ψ ◦ ϕ).
The group G(L) acts on the vector space Γ (X,L) by
U(x,ϕ)(s)= T ∗−x
(
ϕ(s)
)
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for all s ∈ Γ (X,L). The subgroup of closed points x ∈Xk such that T ∗x L∼= L is
denoted by H(L) and the sequence
1→ k∗ → G(L) π−→H(L)→ 0,
where π(x,ϕ) = x , is exact. There is a multiplicative nondegenerate skew-
symmetric bilinear pairing eL from H(L) to k∗ (cf. [1, p. 293]).
Let δ1, . . . , δg ∈ N∗ be such that δi | δi+1, p  δg , and let (δ) := (δ1, . . . , δg).
For any n in Np := {n ∈N∗: p  n}, we set:
K(nδ)=
g⊕
i=1
Z
nδiZ
, K(nδ)∗ = HomZ
(
K(nδ), k∗
)
,
V (nδ)= {f :K(nδ)→ k}, G(nδ)= k∗ ×K(nδ)×K(nδ)∗.
The set G(nδ) is a group via (α, x, )(α′, x ′, ′) = (αα′′(x), x + x ′,  + ′)
and acts on the k-vector space V (nδ) by
(U(α,x,)f )(y)= α.(y).f (x + y).
If H(δ) :=K(δ)×K(δ)∗, define e(δ) :H(δ)×H(δ)→ k∗ by
e(δ)
(
(x, f ), (y, g)
)= g(x) · (f (y))−1.
This map is a multiplicative nondegenerate skew-symmetric bilinear pairing.
Assume that L ∈ Pic(X) is an ample symmetric invertible sheaf of separable
type (δ) (cf. [1, p. 294]). A theta-structure G(L)→ G(δ) is a group isomorphism
which is the identity on k∗. Let f0 :H(L)
∼−→H(δ) be a symplectic isomorphism,
i.e., such that e(δ)(f0(x), f0(y))= eL(x, y) and let F0 :G(L) ∼−→ G(δ) be a theta-
structure inducing f0 (F0 exists by [1, p. 294, Corollary]). Let a ∈ Xk and
L ∈ PicX be such that L∼= T ∗a L and let ρ :L ∼−→ T ∗a L be an isomorphism. The
map Φa :G(L) ∼−→ G(L) defined by Φa(u,ϕ) = (u,T ∗u−aρ ◦ T ∗−aϕ ◦ T ∗−aρ−1)
is a group isomorphism, not depending on ρ. Denote by Fa the theta-structure
F0 ◦Φa and by Ψ (v, ) the automorphism of G(δ) defined by Ψ (v, )(α, x,h)=
(αe(δ)((v, ), (x,h)), x,h), (v, ) being in H(δ).
Proposition 1. Let y ∈H(L) and f0(y)= (v, ). Then:
1. For any (u,ϕ) ∈ G(L), Φa+y(u,ϕ)= eL(y,u)Φa(u,ϕ).
2. Fa+y = Ψ (v, ) ◦Fa .
3. If a1 = a2 are such that L∼= T ∗a1L∼= T ∗a2L, then Fa1 = Fa2 .
4. {Fa+u :G(L) → G(δ): u ∈ H(L)} is the set of all theta-structures of L
inducing the symplectic isomorphism f0.
Proof. Let Az :G(L) ∼−→ G(L) (respectively Aω :G(δ) ∼−→ G(δ)) be the inner
automorphism defined by z ∈ G(L) (respectivelyω ∈ G(δ)). If z0 = (y,µ) ∈ G(L)
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the first assertion means that Φa+y = Az0 ◦ Φa . Indeed, if (u,ϕ) ∈ G(L) and
(u,λ)=Φa(u,ϕ), we have
Φa+y(u,ϕ)=
(
u,T ∗u−a−y
((
T ∗a µ
) ◦ ρ) ◦ T ∗−a−yϕ ◦ T ∗−a−y((T ∗a µ) ◦ ρ)),
(T ∗a µ) ◦ ρ being an isomorphism between L and T ∗a+yL. Therefore
Φa+y(u,ϕ)=
(
u,T ∗u−yµ ◦ T ∗−yλ ◦ T ∗−yµ−1
)= z0 · (u,λ) · z−10 .
As for the second assertion, let z ∈ G(L) and ω0 = (α, v, ) ∈ G(δ) be such that
Φa(z)= z0 and F0(z0)= ω0. Then Fa+y = F0 ◦Φa+y = F0 ◦Az0 ◦Φa =Aω0 ◦
F0 ◦Φa =Aω0 ◦Fa and we will have Fa+y = Ψ (f0(y)) ◦Fa iff Ψ (f0(y))=Aω0
and this is true since f0(y)= (v, ).
The third assertion follows from the second one. As for (4) let F :G(L)→
G(δ) be a theta-structure lying over f0. Then F ◦ F−1a is an automorphism of
G(δ) of the form F ◦ F−1a (α,u, ) = (αχ(u, ), u, ) where χ is a character of
H(δ). The pairing e(δ) being nondegenerate, there exists a unique u ∈ H(L)
such that χ(ω) = e(δ)(f (u),ω). This means that F ◦ F−1a = Ψ (f (u)); i.e.,
F = Ψ (f (u)) ◦Fa = Fa+u. ✷
Let ψ0 :L
∼−→ ι∗L be an isomorphism. The map δL−1 defined by δ−1(u,ϕ)=
(−u, (T ∗−uψ0)−1 ◦ ι∗ϕ ◦ ψ0) is an automorphism of G(L), independent of ψ0
and such that δL−1 ◦ δL−1 is the identity (cf. [1, p. 308]). Recall that a theta-
structure F :G(L) ∼−→ G(δ) is called symmetric if F ◦ δL−1 = D(δ)−1 ◦ F where
D
(δ)
−1 :G(δ)
∼−→ G(δ) is the map D(δ)−1(α, x, )= (α,−x,−). In general one has
the following statement.
Lemma. Let L be an ample invertible sheaf of separable type and let F1
and F2 be two isomorphisms of G(L) which are the identity on k∗ and such that
F1(z)F2(z)−1 ∈ k∗. Then there exists a unique y in H(L) such that
F1(z)= eL(y,u)F2(z) for any z= (u,ϕ) ∈ G(L).
Proof. For any z ∈ G(L) write F1(z)= χ(z)F2(z), with χ(z) ∈ k∗. If z= (u,ϕ)
and v = (u,ϕ) are in G(L) then z · v−1 is an isomorphism of L, i.e., is a
global section of Hom(L,L) ∼= OX which has only constant sections since X
is complete and connected. Therefore v = α · z for some α ∈ k∗ and we have
F1(v)= χ(v)F2(v)= χ(v)αF2(z)= αF1(z)= αχ(z)F2(z);
i.e., χ(z) depends only on u. Moreover, if z1 = (u1, ϕ1), z2 = (u2, ϕ2), one has
F1(z1 · z2) = χ(u1 + u2)F2(z1z2)= χ(u1 + u2)F2(z1)F2(z2)
= F1(z1)F1(z2)= χ(u1)χ(u2)F2(z1)F2(z2);
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i.e., χ(u1 + u2) = χ(u1)χ(u2). Now, since eL is nondegenerate, there exists
a unique y in H(L) such that χ(u) = eL(y,u) for any u ∈ H(L) (cf. [1,
p. 293]). ✷
Proposition 2.
1. Let L be a symmetric invertible sheaf on X and let a ∈ Xk be such that
L∼= T ∗a L. Then, for any (u,ϕ) ∈ G(L),
δL−1 ◦Φa(u,ϕ)= eL(2a,u)Φa ◦ δL−1(u,ϕ).
2. For any symplectic isomorphism f :H(L) ∼−→H(δ), there exists an L, alge-
braically equivalent to L, and endowed with a symmetric theta-structure
inducing f .
3. If L has a symmetric theta-structure then L has a symmetric theta-structure ly-
ing over any symplectic isomorphism f :H(L) ∼−→H(δ).
Proof. 1. Choose an isomorphism ρ :L ∼−→ T ∗a L. The fact that L is symmetric
means that 2a ∈ H(L). Then there exists an isomorphism λ :L ∼−→ T ∗2aL and
therefore ψ = ι∗ρ−1 ◦ T ∗a (ι∗λ ◦ψ0) ◦ ρ is an isomorphism between L and ι∗L. If
(u,ϕ) ∈ G(L) then
δL−1 ◦Φa(u,ϕ)=
(−u, (T ∗−uψ0)−1 ◦ ι∗(T ∗u−aρ ◦ T ∗−aϕ ◦ T ∗−aρ−1) ◦ψ0)
and
Φa ◦ δL−1(u,ϕ)
=
(
−u,T ∗−u−aρ ◦ T ∗−a
[(
T ∗−uψ
)−1 ◦ ι∗ϕ ◦ψ] ◦ T ∗−aρ−1
)
=
(
−u, (T ∗−uψ0)−1 ◦ T ∗−u(ι∗λ−1) ◦ T ∗−u−aι∗ρ ◦ T ∗−a(ι∗ϕ) ◦ T ∗−a(ι∗ρ−1)
◦ ι∗λ ◦ψ0
)
.
Using the fact that (a2, ϕ2) ◦ (a1, ϕ1) = (a1 + a2, T ∗a1ϕ2 ◦ ϕ1) and (a1, ϕ1)−1 =
(−a1, T ∗−a1ϕ−11 ) in G(L) we get
[
Φa ◦ δL−1(u,ϕ)
]−1 ◦ [δL−1 ◦Φa(u,ϕ)]
=
(
0,ψ−10 ◦ ι∗
[
λ−1 ◦ (T ∗a ρ ◦ T ∗a ϕ−1 ◦ T ∗u+aϕ−1) ◦ T ∗u λ
◦ (T ∗u−aρ ◦ T ∗−aϕ ◦ T ∗−aρ−1)] ◦ψ0
)
= (0,ψ−10 ◦ ι∗[X.Y.X−1Y−1] ◦ψ0),
where X = (−2a,T ∗−2aλ−1) and Y = (−u,T ∗−u−aρ ◦ T ∗−a−uϕ−1 ◦ T ∗−aρ−1).
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2. By the previous lemma with F1 = F−10 ◦ D(δ)−1 ◦ F0 and F2 = δL−1, there
exists y ∈ H(L) such that F−10 ◦ D(δ)−1 ◦ F0(z) = eL(y,u) δL−1(z) for any z =
(u,ϕ) ∈ G(L). Let x ∈ Xk be such that 2x = −y and let L1 be the invertible
sheaf L1 = T ∗x L. Since x ∈ H(L2), L1 is symmetric. Set Fx = F0 ◦ Φx and
Φx(z)= (u,ρ). Then
D
(δ)
−1 ◦ Fx(z) = D(δ)−1 ◦ F0 ◦Φx(z)=
[
F0 ◦ δL−1 ◦Φx(z)
]
eL(y,u)
= [F0 ◦Φx ◦ δL−1(z) · eL(2x,u)]eL(y,u)
= F0 ◦Φx ◦ δL−1(z)= Fx ◦ δL−1(z);
i.e., Fx is a symmetric theta-structure of L1.
3. Since over any symplectic isomorphism f :H(L) → H(δ) lies a theta-
structure of L (cf. [1, p. 294]), it follows that any symplectic automorphism g
of H(δ) is induced by a G ∈ Autk∗(δ), the group of automorphisms of G(δ)
which are the identity on k∗. We will be done if we prove that any symplectic
automorphism is in fact induced by a G verifying G ◦D(δ)−1 =D(δ)−1 ◦G. Start with
any G ∈ Autk∗(δ) inducing g. Then D∗−1 =G−1 ◦D(δ)−1 ◦G is an automorphism
of G(δ) of order two, which is the identity over k∗ and transforms (x, ) ∈H(δ)
into (−x,−). We have
D∗−1(α, x, )=
(
αψ(x, ),−x,−),
where ψ is a character of H(δ) with values in k∗. Since ψ ≡ 1 over the points of
order two, there exists a character σ :H(δ)→ k∗ such that ψ(x, )= (σ (x, ))2,
all (x, ) ∈H(δ). Indeed, H(δ) being a finite product of finite abelian groups of
type Z/(qnZ) where q = p is prime and n ∈ N∗, one has only to construct σ on
Z/(qnZ). If q = 2, the map m2 :x→ 2x is an isomorphism of Z/(qnZ) and then
σ =ψ ◦m−12 . If q = 2, since ψ ≡ 1 on points of order 2, we have a character ψ¯ on
the image of m2 in Z/(qnZ), defined by ψ¯(2x¯)=ψ(x¯), x¯ being the class of x ∈ Z
in Z/(qnZ). In this case, if ρ ∈ k∗ is such that ρ2 = ψ¯(2¯) = ψ(1¯), we define σ
by σ(1¯) = ρ and we get ψ(¯)= (ψ(1¯)) = ψ¯(2¯) = (ψ¯(2¯)) = ρ2 = σ(1¯)2 =
σ(¯)2. Now it suffices to alter G by Gσ where Gσ (α,x, )= (ασ(x, ), x, ) to
get (Gσ ◦G) ◦D(δ)−1 =D(δ)−1 ◦ (Gσ ◦G). ✷
Assume now that the theta-structure F0 :G(L)→ G(δ) is symmetric and let
f0 :H(L) → H(δ) be the induced symplectic isomorphism. Let a ∈ Xk and
L be an invertible sheaf on X such that L ∼= T ∗a L and is symmetric. Let
STS(L) be the set of all symmetric theta-structures of L and let s(δ) be the
number of symplectic isomorphisms of H(δ). Denote by f¯0 the composite
homomorphism
H(L)
f0−→H(δ)→ H(δ)
2H(δ)
∼=
(
Z
2Z
)2d
,
where d is the number of even δi among (δ1, . . . , δg).
A. Khaled / Journal of Algebra 252 (2002) 228–240 233
Proposition 3.
1. |STS(L)| =
{
0 if f¯0(2a) = 0,
22ds(δ) if f¯0(2a)= 0.
2. Pic(X) has exactly 22(g−d) elements, algebraically equivalent to L, and
endowed with a symmetric theta-structure.
Proof. 1. By Proposition 1(4), if F :G(L) → G(δ) is a theta-structure induc-
ing f0, then F = Fa+y for some y ∈ H(L). But, by Proposition 2(1), Fa+y is
symmetric iff eL(2(a + y),u)= 1 for any u ∈H(L); i.e., iff 2(a + y)= 0 since
eL is nondegenerate.
Therefore if f¯0(2a) = 0, i.e., 2(a+y) = 0, L has no symmetric theta-structure
lying over f0 and then no symmetric theta-structure at all by Proposition 2(3).
Now assume that f¯0(2a)= 0. Then L has symmetric theta-structures, and over
any symplectic isomorphism H(L)→H(δ), lie |H(L)∩X2| distinct symmetric
theta-structures. But this number is, by means of f0, equal to
∣∣{x ∈H(δ): 2x = 0}∣∣=
∣∣∣∣
(
Z
2Z
)2d ∣∣∣∣.
2. Let A be the set {L ∈ PicX: L ∼= T ∗a L for some a ∈ Xk and ι∗L ∼= L}
and B = {L ∈ A: L has a symmetric theta-structure}. Then A is in one-to-one
correspondence with H(L2)/H(L). An element a ∈ H(L2) will represent an
element of B iff 2a = 0, i.e., a ∈X2. On the other hand a1, a2 ∈X2 will represent
the same element of A iff a1 − a2 ∈H(L), i.e., a1 − a2 ∈H(L) ∩X2. Thus B is
isomorphic to X2/H(L)∩X2 which is isomorphic to (Z/(2Z))2(g−d). ✷
The skew-symmetric bilinear pairing eL2 on H(L2) with values in k∗, when
restricted to X2×X2, is the polar form associated to the quadratic function eL∗ (cf.
[1, p. 304, and Corollary 1, p. 314]) fromX2 to {±1}. The radical of this restriction
is H(L) ∩X2 (cf. [3, Corollary (16.3)]). Therefore eL2 induces a nondegenerate
pairing from X2/(X2 ∩ H(L)) to {±1} which will be denoted by e˜L2 . Assume
that eL∗ is trivial on H(L) ∩ X2. Then we define the Arf index a(L) of L to be
the Arf invariant of the quadratic function induced by eL∗ on X2/(X2 ∩ H(L))
(see [3, pp. 34–35] and [4]) and we will say that L is even (respectively odd) if
a(L)=+1 (respectively −1). We shall now show it is always possible to choose
in each separable polarisation an L which is symmetric and even (respectively
odd if X2 ⊂H(L)).
Let L be a symmetric invertible sheaf on X, algebraically equivalent to L.
There exists a ∈ H(L2) and an isomorphism ρ :L ∼−→ T ∗a L. As a first step we
shall extend the semicharacter eL∗ to the whole of H(L2) = H(L2) (see the 3rd
statement of the next proposition). Indeed we have a map eL∗ :H(L2)→ G(L),
eL∗ (x)= (2x,µLx ) where (2x,µLx ) is the unique element of G(L) over 2x ∈H(L)
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such thatµLx (−x) :L(−x)→L(x)= L⊗k(x) is ϕL(x)−1 = ϕL(−x), k(x) being
the residue field at x and ϕL :L→ ι∗L the normalised isomorphism, i.e., such
that ι∗ϕL ◦ ϕL is the identity. Let η2 :G(L2) → G(L) be the homomorphism
(x,ϕ) → (2x,ρ) where ρ :L ∼−→ T ∗2xL is the unique isomorphism such that
2∗X(ρ) = T ∗x ψ ◦ ϕ⊗2 ◦ ψ−1, 2X :X → X being the map x → 2x and ψ being
an isomorphism L4 ∼−→ 2∗XL (cf. [1, p. 310]). Then one has the following
proposition.
Proposition 4.
1. For all x ∈H(L2), δL−1(eL∗ (x))= eL∗ (x)−1.
2. η2 ◦ eL2∗ = eL∗ ◦ 2X.
3. For all x, y ∈H(L2), eL∗ (x + y)= eL2(y, x)eL∗ (x)eL∗ (y).
4. For all x ∈H(L2), Φa ◦ eL∗ (x)= eL2(a, x)eL∗ (x).
Proof. First note that T ∗x ((ι∗(µLx )) ◦ ϕL)= T ∗−x(ϕL ◦ (µLx )−1) is the normalised
isomorphism of T ∗x L, i.e., induces the identity on (T ∗x L)(0)= L(x).
1. For any x ∈H(L2), we have
δL−1
(
eL∗ (x)
)= δL−1(2x,µLx )= (−2x,T ∗−2xϕ−1L ◦ ι∗(µLx ) ◦ ϕL),
eL∗ (x)−1 =
(−2x,T ∗−2x(µLx )−1),
and since these two isomorphisms between L and T ∗2xL are equal on L(x), they
are equal.
2. Let x ′ ∈H(L4) and x = 2x ′. If eL2∗ (x ′)= (x,ψx ′), proceeding as before one
can verify that η2(x,ψ ′x)= (2x,µLx ).
3. Now let x, y ∈H(L2) and x ′, y ′ ∈H(L4) be such that 2x ′ = x and 2y ′ = y .
If zx, zy ∈ G(L2) are such that η2(zx) = eL∗ (x), η2(zy) = eL∗ (y) and verify
δL2−1(zx) = z−1x , δL
2
−1(zy) = z−1y then eL
4
(y ′, x ′)zxzy is one of the elements of
G(L2) lying over x + y and verifying δL2−1(z)= z−1. Therefore
eL∗ (x + y) = η2
(
eL4(y ′, x ′)zxzy
)= eL4(y ′, x ′)2η2(zx)η2(zy)
= eL2(y, x)eL∗ (x) · eL∗ (y).
4. We have two semicharacters associated with eL2 :Φa ◦ eL∗ and eL∗ . For any
x ∈H(L2)=H(L2), we have Φa(eL∗ (x))= λ(x)eL∗ (x) for some λ(x) ∈ k∗. The
map λ is a character of H(L2) which we shall compute. First note that if eL∗ (a)=
(2a,µLa ), the normalised isomorphism of L is ϕL = ι∗ρ−1 ◦ T ∗a ((ι∗µLa ) ◦ϕL) ◦ρ.
If eL∗ (x)= (2x,µLx ) and Φa ◦ eL∗ (x)= (2x,ψ) with ψ = T ∗−a((T ∗2xρ)◦µLx ◦ρ−1)
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then we have ψ = eL∗ (a)eL∗ (x − a). Indeed [T ∗a (eL∗ (a)eL∗ (x − a)](−a) is the
composite isomorphism:
L(a − x) µ
L
x−a(a−x)=ϕL(a−x)
L(x − a) µ
L
a (x−a)
L(a + x)
and
(
T ∗−aψ
)
(−x) = ρ(x) ◦µLx (−x) ◦ ρ−1(−x)= ρ(x) ◦ ϕL(−x) ◦ ρ−1(−x)
= µLa (x − a) ◦ ϕL(a − x),
which means that T ∗a ψ = T ∗a (eL∗ (a)eL∗ (x−a)). Since eL∗ (a)eL∗ (x−a)= eL2(a, x)
eL(x), for any x ∈H(L2), we get λ(x)= eL2(a, x). ✷
Theorem 1. Let L ∈ PicX be an ample invertible symmetric sheaf of separable
type (δ).
1. The following conditions are equivalent:
(i) L has a symmetric theta structure.
(ii) eL∗ (x)= 1 for all x ∈X2 ∩H(L).
2. There exists an L ∈ PicX, algebraically equivalent to L, such that L is even
(respectively odd if X2 ⊂H(L)).
Proof. 1. Let f :G(L)→ G(δ) be a theta-structure. The automorphism f ◦ δL−1 ◦
f−1 = D∗−1 :G(δ) → G(δ) is of order 2, is the identity over k∗ and induces− idH(δ) on H(δ). Therefore it is of the form D∗−1(α, x, )= (ασ(x, ),−x,−)
where σ is a character of H(δ). If z = (y,ϕ) = f−1(α, x, ) is such that (x, )
is of order two, it follows from [1, Proposition 3, p. 309], that D∗−1(α, x, ) =
eL∗ (y)(α, x, ). If f is symmetric, i.e., if f ◦ δL−1 ◦ f−1 =D(δ)−1, we get eL∗ (y)= 1
for all y ∈ X2 ∩ H(L). Conversely, if eL∗ (y) = 1 for all y ∈ X2 ∩ H(L),
the character σ is such that σ(x, ) = 1 for any (x, ) ∈ H(δ) of order
two. Then we can find a character ρ :H(δ) → k∗ such that ρ2 = σ (see the
proof of Proposition 2(3)). In this way the map Fρ ◦ f , where Fρ(α, x, ) =
(αρ(x, ), x, ), is a symmetric theta-structure as one can verify.
2. By Proposition 2(2) we can assume that L has a symmetric theta-structure
and then eL∗ (x) = 1, for all x in X2 ∩ H(L). Let A be the set of symmetric
L ∈ Pic(X), algebraically equivalent to L and endowed with a symmetric theta-
structure. Let B be the set of all maps χ :X2 → {±1} such that χ(x + y) =
eL
2
(y, x)χ(x)χ(y) for any x, y ∈ X2 and trivial on X2 ∩ H(L). Then one has
a bijection e∗ :A→ B. To define e∗, first choose a representative system S of
X2/X2 ∩ H(L). If L ∈ A, there exists a unique a ∈ S such that L ∼= T ∗a L. We
define e∗(L) to be Φa ◦ eL∗ . By Proposition 4, this is equal to eL2(a, .)eL∗ . Since
236 A. Khaled / Journal of Algebra 252 (2002) 228–240
a ∈ X2, eL2(a, .)eL∗ is clearly in B and since e˜L2 is nondegenerate, e∗ is one-
to-one. It is onto by Proposition 3(2). Now if a(eL∗ ) = +1, we can take L itself
and there is nothing to prove. Otherwise, notice that the isomorphism Φa is the
identity on k∗ and a(Φa ◦ eL∗ ) = a(eL∗ ) = a(e˜L2(a, .)eL∗ ). By moving a in S , it
is always possible to choose a such that a(e˜L2(a, .)eL∗ )=+1 (respectively −1 if
X2 ⊂H(L)). ✷
Remarks. If dimk Γ (X,L) is odd, there are 2g−1(2g + 1) even (respectively
2g−1(2g − 1) odd) elements of PicX, algebraically equivalent to L.
2. If X2 ⊂ H(L), the unique element of PicX, algebraically equivalent to L
and endowed with a theta-structure (cf. Proposition 3), is nothing but L and is
even since eL∗ (x)= 1 for any x in X2.
Let L be an ample symmetric invertible sheaf on X of separable type (δ) which
we will assume to be even. Let (F1,F2) be a symmetric theta structure for (L,L2)
(cf. [1, p. 317]). Such pairs always exist (cf. [3, Proposition (16.19), p. 39] or
[5]). The Fn, n= 1,2, induce isomorphisms βn :Γ (X,Ln)→ V (nδ), unique up
to scalar multiples and compatible with the actions of G(Ln) on Γ (X,Ln) and
G(nδ) on V (nδ):
βn
(
Uz(s)
)=UFn(z)(βn(s))
for all z ∈ G(Ln), s ∈ Γ (X,Ln) (cf. [1, pp. 295–298]). Consider the following
diagram:
Γ (X,L)
ι∗
Γ (X, ι∗,L) ∼ Γ (X,L)
β1
V (δ)
β−11
[−1]L
V (δ)
where [−1]L is the linear map making the diagram commutative. The isomor-
phism Γ (X, ι∗L) ∼−→ Γ (X,L) is the one induced by the normalised isomor-
phism ϕ :L→ ι∗L of L. Since ι∗ϕ ◦ ϕ is the identity, we get [−1]L ◦ [−1]L =
idV (δ). Finally for the definition of qL we refer the reader to [1, p. 298] or [3, p. 48
(18-3)].
Proposition 5. Assume L is even. Then
1. For any n ∈Np, qLn is even; i.e., qLn(−x)= qLn(x), for all x in K(nδ).
2. For any f ∈ V (δ), ([−1]Lf )(x)= f (−x), for all x in K(δ).
Proof. 1. The proof being the same for any n ∈ Np , n 1, we shall restrict our-
selves to the case of qL. The sheaf L being even, the method of [1, pp. 331–332],
still holds (cf. [3, Theorem 17-17]) and gives the formula:
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qL(x)qL(y) =
∑
{(u,v)∈K(2δ)2; (u+v,u−v)=(x,y)}
qL2(u)qL2(v)
=
∑
{(u,v)∈K(2δ)2; (u+v,v−u)=(x,−y)}
qL2(v)qL2(u)
= qL(x)qL(−y)
for any x, y ∈ K(δ). If qL(x) = 0, for all x in K(δ), there is nothing to prove.
Otherwise we get that qL is even.
2. Since L is even the proof given in [1, p. 331], in the case of a totally
symmetric invertible sheaf works as soon as L has a global section which does
not vanish at zero. Therefore the inverse formula is true for L4 ∼= 2∗XL and since
ι ◦ 2X = 2X ◦ ι, it is also true for L. ✷
Let L be an ample symmetric invertible sheaf of separable type (δ) on X.
Choose L symmetric even and a in Xk such that L ∼= T ∗a L. Let ρ :L ∼−→ T ∗a L
be any isomorphism. Let f2 :H(L2) = H(L2) ∼−→ H(2δ) be a symplectic
isomorphism such that f2 transforms the quadratic function eL∗ :X2/(X2 ∩
H(L))→ k∗ into the quadratic function e(δ)∗ :H(2δ)2/H(δ)2 → k∗ defined by
e
(δ)∗ (u, ) = (u), H(2δ)2 and H(δ)2 being the subgroups of 2-torsion points.
Since e(δ)∗ has +1 as Arf invariant, such a symplectic isomorphism exists
and is induced by a symmetric theta-structure F2 :G(L2) ∼−→ G(2δ) (cf. [3,
Lemma 16.6, p. 36]). The theta-structure F2 transforms the kernel of η2 into the
kernel of H2 :G(2δ)→ G(δ), (α,u, ) → (α2,2u, ¯), ¯ being the restriction of 
to K(δ). ThereforeF2 induces a symmetric theta-structureF1 :G(L)→ G(δ) such
that (F1,F2) is a symmetric theta-structure for (L,L2). If βa1 = β1 ◦ (T ∗−a ◦ρ) and
ϕL :L ∼−→ ι∗L is the normalised isomorphism, one has the diagram:
Γ (X,L) ι∗ Γ (X, ι∗,L) ϕ
−1
L
Γ (X,L)
βa1
V (δ)
(βa1 )
−1
[−1]L
V (δ)
where [−1]L is the linear map making the diagram commutative. This is an
involution. Let a′ ∈ H(L4) be such that eL2∗ (a′) = (2a′,ψa) = (a,ψa) verifies
η2(eL
2
∗ (a′))= eL∗ (a). If f2(a)= (u0, 0) and F2 = (a,ψa)= (α,u0, 0) ∈ G(2δ),
we have:
Theorem 2. Let L be an ample symmetric invertible sheaf of separable type
(δ) on X. Choose L symmetric even and a in Xk such that L ∼= T ∗a L. Let
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f2(a) = (u0, 0) as above. For any u ∈ K(δ), let δu :K(δ)→ k be the function
defined by δu(x)= 1 if x = u and 0 otherwise. Then
[−1]Lδu = 1
0(u0 + u) δ−2u0−u.
Proof. The normalised isomorphism ϕL being given by (ι∗ρ−1) ◦ [T ∗a ((ι∗µLa ) ◦
ϕL)] ◦ ρ, one has the commutative diagram:
Γ (X,L) ι∗ Γ (X, ι∗,L) ϕ
−1
L
Γ (X,L)
Γ (X,T ∗a L)
ρ−1
ι∗ Γ (X,T ∗−aι∗L)
ι∗ρ−1
T ∗−aϕ−1L Γ (X,T ∗−aL)
T ∗−aµLa
Γ (X,T ∗a L)
ρ−1
Γ (X,L)
T ∗a
ι∗
Γ (X, ι∗L)
T ∗−a
ϕ−1L
Γ (X,L)
T ∗−a
µLa Γ (X,T ∗2aL).
T ∗−a
Since T ∗a [(ι∗µLa ) ◦ ϕL] is the normalised isomorphism of T ∗a L, it is enough to do
the proof when ρ = id; i.e., L = T ∗a L. For any x ∈ H(L2), denote by θ
(
x
u
)
the
section of Γ (X,T ∗x L) corresponding to δu by means of β1 ◦ T ∗−x ; i.e.,
θ
(
x
u
) := (β1 ◦ T ∗−x)−1δu = T ∗x θ(0u).
Using the equality [−1]Lδu = δ−u and the above diagram (without the first line
since ρ = id), it is enough to prove that(
T ∗−aµLa
)(
T ∗−aθ
(0
v
))= λθ( a−2u0−u
)= λT ∗a θ( 0−2u0−u
)
where λ= ((u0 + u))−1. We have(
T ∗−aµLa
)(
T ∗−aθ
(0
v
)) = T ∗−a(µLa (θ(0v)))= T ∗a [T ∗−2a(µLa (θ(0v)))]
= T ∗a
[
UeL∗ (a)
(
θ
(0
v
))]
.
Therefore it is enough to prove that UeL∗ (a)(θ
( 0
−u
)
)= λθ( 0−2u0−u
)
. Using the sym-
metric theta-structures F1 and F2, this amounts to proving that UF1(eL∗ (a))(δ−u)=
λδ−2u0−u. From Proposition 4.2 we have F1(eL∗ (a)) = (0(u0),2u0, ¯0), where
¯0 is the character obtained by composing  with the injection K(δ)→ K(2δ).
Therefore UF1(eL∗ (a))(δ−u)(z)= 0(u0)¯0(z)δ−u(2u0 + z) for any z ∈K(δ). This
value is zero unless z+ 2u0 =−u, i.e., z=−2u0 − u, and then
UF1(eL∗ (a))(δ−u)=
(
0(u0 + u)
)−1
δ−2u0−u. ✷
In the case a is in X2, the following formula is the inverse formula of [3, p. 51].
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Corollary. Let L be an ample symmetric invertible sheaf of separable type (δ)
on X. Let L be a symmetric even invertible sheaf such that L ∼= T ∗a L with a
in X2. Then
[−1]Lδu = a(L)δ−u for all u ∈K(δ).
Proof. If a ∈X2, one has 2u0 = 0 and 20 ≡ 1. Therefore, if v ∈K(2δ) is such
that 2v = u, we get 0(u0 + u)= 0(u0) 0(2v) = 0(u0) and 0(u0) is nothing
but a(L).
Remarks 1. In [2, p. 75], KEMPF introduced the notion of excellent invertible
sheaf and if L is such a sheaf, he proved the inverse formula [−1]Lδu = δ−u. The
previous corollary implies then that L is even and this case has been dealt with in
Proposition 5.
2. If k =C, using the notations of [6], the formula of Theorem 2 reads:
[−1]LVau = exp
[
4π i ImH(a1 + u,a2)
]Va−2u1−u
for all u ∈K(H), where a = a1+a2 is in K(H)1⊕K(H)2 =K(H), H being the
Riemann form associated with the polarisation defined by L. This is formula (5.3)
of [6, p. 82].
Let d be the number of even δi among (δ1, . . . , δg) and let h0(L)+ (respectively
h0(L)−) be the dimension of the vector subspace of Γ (X,L) consisting of
even (respectively odd) global sections of L, i.e., verifying [−1]L(s) = s
(respectively −s). Recall that L∼= T ∗a L, a ∈H(L2).
Theorem 3. 1. If 2a /∈ 2H(L) then h0(L)± = 12h0(L).
2. If 2a ∈ 2H(L) then
(a) h0(L)± = 12h0(L)± 2d−1 if a(L)= 1;
(b) h0(L)± = 12h0(L)∓ 2d−1 if a(L)=−1.
Proof. Using the previous theorem, the problem is reduced to the following: let
z= (u0, 0) ∈H(2δ) and let [−1]z :V (δ)→ V (δ) be the involution
δu → 0(u0 + u)−1δ−2u0−u,
compute the values dimk V (δ)± where V (δ)± = {f ∈ V (δ): [−1]zf = ±f }.
First, note that the line k, δu is stable under [−1]z iff −2u0 − u = u;
i.e., 2(u0 + u) = 0. Set I = {u ∈ K(δ): 2(u0 + u) = 0} and I± = {u ∈ I :
0(u0 + u)=±1} = {u ∈K(δ): [−1]zδu =±δu}. It is clear that I+ and I− form
a partition of I .
Let u ∈ K(δ) and assume that u /∈ I . The plane P(u) = kδu ⊕ kδ−2u0−u is
stable under [−1]z. Set δ+u = 0(u0 + u)δu + δ−2u0−u and δ−u = 0(u0 + u)δu −
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δ−2u0−u. The function δ+u (respectively δ−u ) is even (respectively odd) and P(u)=
kδ+u ⊕ kδ−u . Thus we get h0(L)+ = 12 (h0(L)− |I |)+ |I+|.
If I = ∅, i.e., if 2(u0 + u) = 0 for any u, then 2a /∈ H(L) and we have
h0(L)± = 12h0(L).
Assume now that I = ∅, i.e., that u0 ∈K(δ)+K(2δ)2 where K(nδ)2 = {u ∈
K(nδ): 2u = 0}. Since the element a such that L ∼= T ∗a L is unique up to an
element of H(L), by adding if necessary an element of H(L) to a, we may
assume that 2u0 = 0, i.e., that u0 ∈ K(2δ)2. Notice that this does not change
the Arf index of L. We have then I = K(δ)2. Let us denote by ¯¯ : I → k∗
the restriction of ¯ to I (¯0 being itself the restriction of 0 to K(δ)). Three
possibilities can then arise:
(i) |I+| = 12 |I | = |Ker ¯¯0| if ¯¯0 is not trivial.
(ii) |I+| = 0 if ¯¯0 is trivial and 0(u0)=−1.
(iii) |I+| = I if ¯¯0 is trivial and 0(u0)=+1.
Now the condition ¯¯0 : I → {±1} trivial is equivalent to 2h = 4g for some
g ∈ K(2δ)∗. Therefore, if ¯¯0 is not trivial, we have 2a /∈ 2H(L) and the first
statement of the theorem is proved. If ¯¯0 is trivial, the cases (ii) and (iii) are just
the points 2(a) and 2(b). ✷
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